Abstract. We give a characterization of dyadic BMO spaces in terms of Haar wavelet coefficients in spaces of homogeneous type.
Introduction and statement of the main results
The characterization of functional spaces via wavelet coefficients is one of the most studied properties in the general setting. In the Euclidean context there is, besides the well known Haar system, a great variety of wavelet systems with particular properties. Given the nature of the functional space, different systems of wavelets characterize such space ( [12, 13, 17, 18] ). For example, the Haar systems and others with regularity as the Daubechies's systems turn out to be unconditional bases for the classical Lebesgue spaces, and moreover there exist two positive and finite constants c 1 and c 2 such that
where (ψ i ) i∈Z + is one of such systems of wavelets. Similar characterizations to those given in (1.1) hold for different systems of wavelets in other functional spaces, such as the Lorentz spaces L p,q , the weighted Lebesgue spaces L p w with w in the Muckenhoupt class, and the Hardy spaces H 1 , among others ( [7, 12, 13, 17, 18] ). In this note we consider the space of functions of dyadic bounded mean oscillation in spaces of homogeneous type. In the Euclidean case of the real line this space is defined by
where the supremum is taken over all the dyadic intervals I of R, with f I the f average over I, and |I| the Lebesgue measure of the interval I. For this functional space and the classical Haar system in R we have the following result [8] . 
Dyadic families and Haar systems in spaces of homogeneous type
We first briefly recall the basic properties of the general theory of spaces of homogeneous type. Assume that X is a set; a nonnegative symmetric function d on X × X is called a quasi-distance if there exists a constant K such that
for every x, y, z ∈ X, and d(x, y) = 0 if and only if x = y. We shall say that (X, d, µ) is a space of homogeneous type if d is a quasi-distance on X, µ is a positive Borel measure defined on a σ-algebra of subsets of X which contains the balls, and there exists a constant A such that 0 < µ(B(x, 2r)) ≤ Aµ(B(x, r)) < ∞ holds for every x ∈ X and every r > 0.
In [16] the authors prove that each quasi-metric space is metrizable and that d is equivalent to ρ β , where ρ is a distance on X and β ≥ 1. Therefore we shall assume throughout this paper that d is actually a distance on X, in other words that K = 1 in (2.1).
The construction of dyadic type families of subsets in metric or quasi-metric spaces with some inner and outer metric control of the sizes of the dyadic sets is given in [9] . These families satisfy all the relevant properties of the usual dyadic cubes in R n and are the basic tool to build wavelets on a metric space of homogeneous type (see [1] or [3] ). The notion of dyadic families that we will consider here is contained in the following definition (see [6] ). Definition 2.1 (The class D(δ) of all dyadic families). Let (X, d, µ) be a metric space of homogeneous type. We say that D = j∈Z D j is a dyadic family on X with parameter δ
there exist two constants a 1 and a 2 such that for each Q ∈ D j there exists a point x ∈ Q that satisfies B(x, a 1 
The following properties can be deduced from (d. and every Q ∈ L(Q). It is easy to give examples of dyadic systems D such that a dyadic cube Q belongs to different levels j ∈ Z. In fact, the usual dyadic cube in the real line intersected with the natural set N is a dyadic family in the space of homogeneous type (N, d, µ) with d the usual metric and µ the counting measure. In this case, the points turn out to be dyadic cubes belonging to different and infinite resolution levels of the space's dyadic decomposition. We are interested in the identification of those scales and places of partition which shall give rise to the Haar functions. This induces the definition of a subfamily of D containing all dyadic cubes in D with non-trivial offspring. 
We defineD = 
We would like to note that the point x ∈ Q given in (d.5) cannot be unique. It will be important in the sequel to identify one of them. This induces the following definition.
Definition 2.4. Let (X, d, µ) be a space of homogeneous type and let D be a dyadic family in D(δ). For each j ∈ Z we define a function P j , that we will call point central function of level j, as
From the condition (d.5) we get that for each integer j the point central function of level j, P j , is well defined. The next result contains the main property of this function. We recall that a set A in a metric space ( 
Proof. First we prove (1). Let j ∈ Z and let x, y be two points in
Notice that Q 1 and Q 2 belong to D j and that P j is one to one. Thus, from (d.1), (2), we take x ∈ X and ε > 0. We fix j ∈ Z such that 2a 2 δ j < ε/2. We first suppose that x ∈ Q∈D j Q and take Q, the unique dyadic cube in D j such that x ∈ Q. Then, from (d.5), we get that x ∈ B(P j (Q), 2a 2 δ j ) and hence, from the selection of the integer j, we have that
In the sequel we shall need the following geometric characterization of atoms in spaces of homogeneous type via the subfamilyD. We recall that a point x ∈ X, where (X, d, µ) is a space of homogeneous type, is an atom in X if µ({x}) > 0. A well know result of Macías and Segovia ( [16] ) gives a characterization of atoms through the metric in (X, d, µ). More precisely, the authors prove that the point x is an atom in X if and only if there exists a positive and finite constant r such that B(x, r) ∩ X = {x}. We shall use this characterization to prove that the subfamily of non trivial offspringD of the dyadic family D identifies atoms. In fact, we have the following result. 
where the union is disjoint.
Proof. We shall prove first that D ⊆D ∪ {{x} : µ(x) > 0}. Notice that we only need to consider the case where Q does not belong toD. Let j be an integer such that Q ∈ D j . From the definition ofD and since Q / ∈D we have that Q ∈ D j+n for every natural number n. Then, for all positive integers n and each dyadic cube Q ∈ D j+n with Q ⊆ Q we get that Q = Q. Now, we fix for every positive integer n the following function P j+n : D j+n −→ X with P j+n (Q) = x for some x ∈ Q. We write x n = P j+n (Q) and consider the ball
, where a 2 is the constant in (d.5) for the cube Q. Thus we get that Q ⊆ B n for each n. Then since the radii of the balls B n go to zero, by a standard argument we have that x n = x n+1 and Q = {x n }. From the result of Macías and Segovia we have that x n is an atom in X. Now we prove thatD ∪ {{x} : µ(x) > 0} ⊆ D. Notice that we only need to prove that if x is an atom then {x} ∈ D. We recall that from (d.2), µ( Q∈D (∂Q)) = 0; then for each integer j there exists a dyadic cube Q j ∈ D j such that x ∈ Q j . For each integer j we fix a point central function P j : D j −→ X. From Macías and Segovia we get that x is an isolated point and therefore there exists an ε > 0 such that
On the other hand, from Proposition 2.5 item (2), we have that the set j∈Z
is dense in X. Thus we can take j 0 ∈ Z and Q ∈ D j0 such that d(x, P j0 (Q)) < ε/2 and 2a 2 δ j0 < ε/2, where a 2 is the constant in (d.5) for the cube Q. Therefore Q = Q j0 = {x}.
Having introduced the dyadic cubes, we now define the other basic objects with which we will work along the present article: the systems of Haar type associated with a dyadic family (see [6] ).
A system H of simple Borel measurable real functions h on X is a Haar system associated with D if it satisfies:
(h.1) For each h ∈ H there exists a unique j ∈ Z and a cube Q = Q h ∈D j such that {x ∈ X : h(x) = 0} ⊆ Q, and this property does not hold for any cube in
h ∈ H such that (h.1) holds. We shall write H Q to denote the set of all these functions h. It is easy to show, following the proof in [1] (see also [3] ), that given D in D(δ) it is always possible to construct Haar systems supported on the elements Q ofD. This means that there exist systems H of functions h on X satisfying (h.1) to (h.4) for all D in D(δ). Observe also that from (d.7) we get that there exists a positive constant C such that
for all h ∈ H. Here, as usual, f ∞ is the L ∞ -norm of the function f which is defined as the µ-essential least upper bound of f . Also, the Haar system H is an orthonormal basis of L 2 (X, µ). In this section we define three spaces that we will relate later via Haar wavelets: the Carleson class, the dyadic BMO space, and the dyadic Hardy spaces.
We first introduce a Carleson type condition generalizing to our dyadic context in spaces of homogeneous type those given by Lemarié and Meyer in [15] and Aimar and Bernardis in [2] . We shall say that the sequence C = {c h } h∈H over the Haar system H belongs to the sequential space of Carleson type C, or simply that it belongs to the Carleson class C, if there exists a positive constant A such that the inequality
holds for every dyadic cube R ∈ D. We will denote with C C the infimum of the squares of those constants A, so that
Notice that our definition is apparently different from that given in [2] because their sum is over dyadic cubes. But in the real line for each dyadic interval I there exists a unique wavelet function supported in I. In [15] the authors consider the R n case; in such a context for each cube they have a uniform number of wavelets supported on it. Our general context is a little different. In fact, we do not have a uniform number of wavelets supported in each dyadic cube Q; however by (d.6) this number is uniformly bounded. If we consider as spaces of homogeneous type the R n spaces, our definition is the same as that given in [15] . For introducing dyadic p-bounded mean oscillation functions adequate in our setting of measure metric spaces, it will be necessary the following definition that generalizes to our dyadic families in D(δ) the notion of quadrant given in [3] for Christ's dyadic cubes, where the authors give a detailed presentation. 
Q .
Following the lines in [3] for the case of Christ's dyadic cube, from (d.6) and since all the dyadic cubes Q in D are spaces of homogeneous type with doubling uniform constant, we can prove the next result that will be important in section 5.
Proposition 3.2. Let (X, d, µ) be a space of homogeneous type and let D be a dyadic family in the class D(δ). Then there exists a positive integer N (that depends on the geometric constants of (X, d, µ)) and disjoint dyadic cubes
where C α = C(Q α ) and ∂A denotes the border of the set A. That is, there exists a finite number of quadrants that are a partition of X.
With the above notation we shall write C(X, D) to denote the family of quadrants {C α : α = 1, . . . , N } associated with a dyadic family D given by Proposition 3.2.
The string of spaces BMO 
where the function f α is f on each C α ∈ C(X, D) and zero otherwise.
On the other hand, our definition of a dyadic family allows us to have a Calderón-Zygmund type decomposition associated with such a family. Moreover, considering each cube as a space of homogeneous type, such a decomposition can be done in each dyadic cube. In such case the doubling constant is uniform over all dyadic cubes and therefore following the proof of Theorem 6.16 in [18] we obtain the following dyadic version of the John-Nirenberg inequality. 
One of the main consequences of this important result is the equivalence between the norms of all dyadic p-bounded mean oscillation spaces. as the linear space of all functions f on X -identifying those that are equal almost everywhere with respect to µ-that can be written as
where a n ∈ A q,D for each n and the convergence is in the L 1 (X, µ) norm.
we define the number
λ n a n , a n ∈ A q,D .
The following result is a consequence of Definition 3.5.
Proposition 3.7. Let D be a dyadic family in the class D(δ).
(
One of the tools that we will use for the proof of our main results is the following duality result for the dyadic spaces H As far as we know the proof of this result has not been detailed in other works. Moreover, it is not a consequence of the Coifman-Weiss duality result in spaces of homogeneous type. However, following [18] adapted to this setting it is possible to prove it. 
we have that h, f R = 0 for every Haar function h ∈ H. On the other hand, since supp(h) ∩ supp(f 2 ) = ∅ for every Haar function h ∈ H with supp(h) ⊆ R, we have also that h, f 2 = 0 for all such functions h.
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So, we get that
Then, from Parseval's inequality and the fact that f belongs to BMO D considering the norm in BMO
Proof of Theorem 1.3. We first notice that, since every Haar function h ∈ H belongs to L ∞ (X, µ), then h belongs to BMO D for all h ∈ H. So, since f is a finite sum of multiples of Haar functions, we have that f ∈ BMO D . Now, to prove the inequality in norm, we fix a dyadic cube R ∈ D and a point x 0 ∈ R. Notice that if R ∈ D \D by Proposition 2.6 we get that R = {x 0 } with x 0 an atom in X. Thus, though µ({x 0 }) > 0, we have that
Hence, it only remains to consider the case in which R ∈D. Set H f = {h ∈ H :
Let J be the function given in (b), Proposition 2.3. For each h ∈ H, we consider Q h ∈D, the dyadic cube given in (h.1), and we separate the function f according to the different levels of resolution. More precisely, we
, and
It is clear that if x ∈ R then f 3 (x) = 0. Also, since all but a a finite number of terms of the sequence C = (c h ) h∈H are zero, we get that this sequence belongs to the dyadic Carleson class C. So, since H is an orthonormal basis of L 2 (X, µ), from Bessel's inequality we have that
Hence, by Hölder's inequality and the above estimation of the L 2 -norm of f 2 we obtain
On the other hand, we notice that if h ∈ H f1 then we have the following two possibilities:
In the former case we get that h(x) = h(x 0 ) = 0 for each x ∈ R. In the latter, J (R) > J (Q h ) and therefore the cube R is a descendant of the cube Q h . Hence, from (h.4) we get that h(x) − h(x 0 ) = 0 if x ∈ R. So
Proof of Theorem 1.4
To prove that the series h∈H c h h converges, in the sense of the weak- * topology, to a function in BMO D , we first notice that given an integer j and x ∈ X, from (d.6), (h.1) and (h.2), we get that
is a finite sum, where Q h is the dyadic cube given in (h.1) for each Haar function h. So the function
with N belonging to the positive integers Z + , is well defined. 
But, as in the proof of Theorem 1.3, we have that f
. Hence I 1 = 0. Also, from Hölder's inequality, Bessel's inequality for the orthonormal basis H, and the fact that the sequence C belongs to the Carleson class C, we have that 
Now we shall prove that the sequence (f N : N ∈ Z + ) converges in the sense of the weak- * topology. For this, we prove that it is a Cauchy sequence in this topology. More precisely, we shall see that given ε > 0 we have that 
λ n a n , with
where each a n belongs to A ∞,D and the convergence of the series is in the L 1 (X, µ) norm. For each positive integer n we shall write Q n to denote the dyadic cube that supports the atom a n given in Definition 3.5 with q = ∞. Let us take N < N . For each couple of integers (J 1 , J 2 ) with J 1 < J 2 we shall write
and then from Proposition 3.8 we can pass to integral form in the following way: Since the same argument is used to prove that both I 1 and I 2 are less than ε, we shall only present with some detail the case I 2 . Notice that for each positive integer n we get that But, since a is a dyadic ∞-atom and f n,1 (x) − f n,1 (x n ) = 0 if x, x n belong to Q n , we have that
Qn a n (x)(f n,1 (x) − f n,1 (x n )) dµ(x) = 0.
Hence we only need to show that n∈Z + |λ n ||B n | < ε for N large enough. Notice that for K ∈ Z + , from Hölder's inequality and from Bessel's inequality we get that for N large enough. So, from (5.1) and the fact that a is a dyadic ∞-atom we get that
|λ n | a n L 2 (Qn) (µ(Q n ))
for K large enough since the series ∞ n=1 |λ n | converges. On the other hand, from (5.2) we get
Hence, the sequence (f N : N ∈ Z + ) is a Cauchy sequence in the weak- * topology.
